We propose a predictive lepton model under a modular S 4 symmetry, and the neutrino mass matrix arises from a combination of canonical seesaw at tree level and radiative seesaw at oneloop level. Supposing the Majorana neutrino to be embedded into doublet under S 4 , the lightest neutrino mass is zero. In addition, we show predictions for phases, mixings, and masses such as the effective mass for the neutrinoless double beta decay and the total mass of neutrinos that originate from the specific textures due to the assignment of S 4 and its modular weight. The modular weight also plays an important role in stabilizing the DM candidate. * Electronic address: hiroshi.okada@apctp.org † Electronic address: Yuta.Orikasa@utef.cvut.cz
I. INTRODUCTION
Neutrino and dark matter (DM) physics are big issues to be completely solved beyond the standard model (SM), even though SM successfully describes a lot of phenomenologies in high energy physics. Radiative seesaw models are one of the attractive scenarios not only to explain both but also make a correlation between them. The first approach is achieved by Ref. [1] , in which neutrino mass matrix is given at one-loop level, and a Majorana fermion DM or an inert scalar DM is included in the neutrino mass loop. It is also important issue to resolve the flavor puzzles such as lepton flavor violations (LFVs), Z boson decays, flavor changing neutral currents enlightened by a lot of experimental results. This issue often arises from not-so-small Yukawa couplings that frequently appears on the radiative seesaw models. If there exists a flavor symmetry so that the mass textures for leptons are uniquely fixed, it might provide a crucial hint to the flavor physics.
Recently, modular flavor symmetries have been proposed [2, 3] to provide more predictions to the quark and lepton sector due to Yukawa couplings with a representation of a group.
Their typical groups are found in basis of the A 4 modular group [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , S 3 [14] [15] [16] [17] , S 4 [18] [19] [20] , A 5 [21, 22] , larger groups [23] , multiple modular symmetries [24] , and double covering of A 4 [25] in which masses, mixings, and CP phases for quark and lepton are predicted.
1 Also, a systematic approach to understand the origin of CP transformations has been recently achieved by ref. [34] .
In this paper, we introduce a modular S 4 symmetry in the lepton sector, and the neutrino mass matrix is supplied by canonical seesaw at tree level and radiative seesaw at one-loop level. Supposing the Majorana fermions to be embedded into doublet under S 4 , one of the active neutrino mass eigenvalues is zero. Also we have several predictions for the cases of normal hierarchy (NH) and inverted hierarchy (IH) through our numerical analysis, because of the specific textures related to the charged-leptons and neutrino mass matrix. Instead of additional symmetry such as Z 2 to stabilize DM, nonzero modular weight that arises from modular S 4 corresponds to this symmetry. Thus, we have an appropriate (bosonic) DM candidate.
This paper is organized as follows. In Sec. II, we explain our model and formulate mass 1 Several reviews are helpful to understand the whole idea [26] [27] [28] [29] [30] [31] [32] [33] .
Fermions
Bosons Couplings 
whereη ≡ iσ 2 η * , σ 2 being second Pauli matrix. We have the other term ofL L e R η, however we don't consider this term in this paper because it doesn't affect neutrino oscillations.
The modular forms with the lowest weight 2 are given by
T , and they respectively transform as a doublet and a triplet under S 4 that are written in terms of Dedekind eta-function η(τ ) and its derivative [38] :
,
Then, higher weights are constructed by multiplication rules of S 4 , and one finds the following couplings:
After the electroweak spontaneous symmetry breaking, the charged-lepton mass matrix is given by
where
T , and Y
T . Then the chargedlepton mass eigenstate can be found by
. In our numerical analysis below, we fix the free parameters α ℓ , β ℓ , γ ℓ to fit the three charged-lepton masses after giving all the numerical values, by applying the relations:
The right-handed neutrino mass matrix is given by
The heavy Majorana mass matrix is diagonalized by a unitary matrix V as follows:
V is also analytically given by
The Dirac Yukawa matrix is given by
Lepton flavor violations also arises from y η as [39, 40] BR( which will be imposed in our numerical calculation.
radiative seesaw at one-loop level by
where m R(I) is a mass of the real (imaginary) component of η 0 .
2 Then the neutrino mass matrix is diagonalized by an unitary matrix
12 eV is given by the recent cosmological data [44, 45] . Then, one finds
Each of mixing is given in terms of the component of U P M N S as follows:
(II.16) Also, the effective mass for the neutrinoless double beta decay is given by where its observed value could be measured by KamLAND-Zen in future [46] . Since we have two heavy Majorana fermions, the neutrino mass matrix of m ν is rank two; Det[m ν ] = 0. It suggests that one massless neutrino mass eigenvalue is found.
In case of NH, we find m ν Thus, we can numerically determine our two parameters α η , β η in our neutrino mass matrix to fit the two mass difference squares. Also, we find mass eigenvalues and m ee are respectively rewritten in terms of observables and phases as 
Thus, we can numerically determine our two parameters α η , β η that is similar to the case of NH. Also, we find mass eigenvalues and m ee are respectively rewritten in terms of observables and phases as Here, we demonstrate numerical analysis to find predictions as well as reproduce the current experimental results, where we suppose the DM candidate is an imaginary component of inert scalar η; η I , in which we simply assume m η ± ≈ m I to evade the oblique parameters.
In this case, the mass of DM is within 534 ± 8.5 GeV [47] to satisfy the relic density that arises from the kinetic term only. Here, we work on this range.
We will adopt the neutrino experimental data at 3σ interval [48] Our input parameters are only four; m R , m I , M 0 and τ , where we work on the following ranges for both the cases: Another remarks are in order:
1. The typical region of modulus τ is found in narrow space as -1. [49, 50] . Even though both cases of the total mass of neutrinos satisfy the constraint of cosmological data 0.120 eV, IH has a strong correlation that would be more testable in near future.
